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1. INTRODUCTION
Suppose G is a finite group and A is a proper abelian subgroup of G.
 .  .Then for every irreducible character x g Irr G of G the degree x 1 F
< <  .G : A by Frobenius reciprocity . We consider the special situation where
equality holds here. Then x s lG is a monomial character induced by
 .some linear character l of A. It is known that G then cannot be a simple
 w x .group cf. 3 , Ex. 2.17 , but apparently the structure of G and the
embedding of A in G have not yet been investigated further. In this note
we shall establish the following.
 .THEOREM A. If the abelian subgroup A of G admits a linear character
l such that the induced character lG is irreducible, then A is subnormal in G.
w xThe proof is based on a subnormality criterion by Wielandt 4 , the
 .so-called Zipper Lemma see Section 3 below . The proof also makes use
of certain properties of groups of central type. Recall that G is said to be
 .  .2 <  . <of central type, provided there is x g Irr G such that x 1 s G : Z G .
w xIt has been shown by Howlett and Isaacs 2 , using the classification of the
finite simple groups, that such a group must be solvable. However, we can
 .avoid referring to this. We do apply a beautiful and more elementary
w x  .result by DeMeyer and Janusz 1 on groups of central type cf. Lemma 3 .
 .The join of nilpotent subnormal subgroups in finite groups is again a
 w xnilpotent subnormal subgroup see 6 , Appendix G, for a discussion of
.some basic results on subnormal subgroups, mainly due to Wielandt .
G Thus, in the situation of the theorem, the normal closure A s join of all
.G-conjugates of A is nilpotent. More precisely, we have the following.
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THEOREM B. Suppose A is an abelian subgroup of G. If there exists
 .  . < < Gx g Irr G with degree x 1 s G : A , then G s A is a nilpotent group of0
< < <central type whose center Z is contained in A, with index A : Z s G : A .0 0 0
< < < <Moreo¨er, GrG acts faithfully on Z and GrG - Z .0 0 0 0
There are some natural questions concerning Theorems A and B : How
far can A be from being normal in G? Is G necessarily a group of central
type or, at least, solvable? Does Theorem A extend from abelian to
nilpotent subgroups? We shall give some illustrative examples below. In
particular, we show that there are no affirmative answers to the latter
questions.
2. GROUPS OF CENTRAL TYPE
 .Throughout, G is a finite group and x g Irr G is an irreducible
 .  w x.complex character of G. Notation is standard and follows Isaacs 3 .
LEMMA 1. For any subgroup H of G, the multiplicity
< <x H , x H F G : H , .
and equality holds if and only if x ¨anishes off H. In the case where
 .  .2 < <H : Z G is a central subgroup of G, we ha¨e x 1 F G : H , where
 .  .equality holds precisely when H s Z G and x ¨anishes off Z G .
w  .  .xThis is an elementary and well-known fact 3, 2.29 and 2.30 .
LEMMA 2. For an abelian subgroup A of G, the following are equi¨ alent:
 .  . < <i x 1 s G : A .
 . G  .ii x s l for some l g Irr A .
 . Giii x s l for any irreducible constituent l of x .A
When these equi¨ alent conditions hold, x ¨anishes off A; it e¨en ¨anishes
outside the largest characteristic subgroup of G contained in A.
Proof. The equivalence of the conditions is an easy consequence of
 . < <Frobenius reciprocity. They imply that x A, x A s G : A . Hence x van-
ishes off A by Lemma 1. Let a be any automorphism of G. Then Aa is an
< <abelian subgroup of G of order A . Therefore, by the same argument, x
vanishes off Aa. This gives the final statement. I
 . < <PROPOSITION. Assume x 1 s G : A for some abelian subgroup A of G.
Then the following statements hold:
 . Ga G s A is a group of central type.0
 .  . < < < <b Z s Z G is contained in A and G : A s A : Z .0 0 0 0
 .  . < < < <c C Z s G and G : G - Z .G 0 0 0 0
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G  .Proof. By Lemma 2, x s l for some l g Irr A . This forces the
 .centralizer C A s A.G
Let x s lG 0. By Lemma 2 once again, x vanishes outside the normal0 0
 .kernel A s intersection of the G-conjugates of A . Clearly, A : Z isG G 0
G  .in the center of G s A , because A and all its G-conjugates are0
 .abelian. Furthermore, Z : C A s A is a normal subgroup of G, and so0 G
Z : A . Consequently, Z s A .0 G 0 G
 .2 < <Now from Lemma 1 it follows that x 1 s G : Z . Therefore G is of0 0 0 0
 . G 0 . < <central type. Observe also that x 1 s l 1 s G : A .0 0
 .  .It remains to prove c . It is evident that G s C Z contains G and1 G 0 0
 .  .  .that Z G = Z . From C A s A we infer that Z G s Z . Since1 0 G 1 0
x s x G1 s lG1 is an irreducible character of G which vanishes on1 0 1
< < < <G _ Z , as before G is a group of central type with G : A s A : Z .1 0 1 1 0
Hence G s G .1 0
 .2 < < < <  . < < < <Finally, x 1 s G : Z ? G : G in view of b . Thus G : G - Z0 0 0 0
2 .  . < <follows from the trivial inequality x 1 - G .
One might ask whether any nilpotent group G of central type possesses
 . <  . < < <a self-centralizing abelian subgroup A with A : Z G s G : A . This
would be helpful for a better understanding of these groups. To some
extent the general investigation of groups of central type is reduced to
w x .nilpotent groups, because of the following result 1 , Theorem 2 :
 .LEMMA 3 DeMeyer]Janusz . A group G is of central type if and only if
 .  .  .for each Sylow subgroup P of G for any prime we ha¨e Z P s P l Z G
and P is of central type as well.
3. SUBNORMALITY
The Zipper Lemma is the basis for Wielandt's subnormality criteria
w xgiven in 4 . Wielandt himself introduced this terminology, indicating the
 w x .pattern of the proof for the lemma e.g. see 5 , p. 165 .
 .ZIPPER LEMMA Wielandt . Assume H is a subgroup of some finite group
G which is subnormal in e¨ery proper subgroup of G containing H but not in
G itself. Then H is contained in a unique maximal subgroup of G.
Proof of Theorem A. We argue by induction on the order of G. It is
evident that the hypothesis carries over to any subgroup of G containing
 .A by transitivity of character induction . Thus, assuming by way of
contradiction that A is not subnormal in G, the Zipper Lemma applies,
showing that A is contained in a unique maximal subgroup X of G.
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 .Of course, A is subnormal in X by induction and X is not normal in
 . GG by assumption . In particular, G s A . Hence, by the proposition, G is
< < <  . <a group of central type satisfying G : A s A : Z G . Let p be a prime
< < <  . < dividing G : X . Then p is a divisor of A : Z G too. We know that G is
w x < <solvable by the theorem of Howlett and Isaacs 2 , and so G : X is a
.power of p. However, we do not use that.
Let A be the p-component of A and let P be a Sylow p-subgroup ofp
 .  .G containing A . By Lemma 3 we have Z P s P l Z G , and wep
conclude that
< < < <P : A s A : Z P . .p p
 .Since P is of central type Lemma 3 , there is thus an irreducible character
< <of P of degree P : A . Hence the proposition applies, showing thatp
 .PP s A likewise is a group of central type whose center Z is con-0 p 0
 .  .tained in A and hence in A and satisfies C Z s P .p P 0 0
 .Now A is a proper subnormal subgroup of P, and therefore, P is ap 0
proper subgroup of P. It follows that Z is normal in P but not central.0
Of course, Z is central in A.0
 .Let Y s N Z be the normalizer of Z . If we had Y s G, the0 G 0 0 0
 .centralizer C Z would be a proper normal subgroup of G containingG 0
A, in contrast to G s AG. Thus Y is contained in some maximal subgroup0
Y of G. By construction, Y contains P and A. In particular, p does not0
< <divide G : Y , and so X / Y, against the uniqueness of X. This completes
the proof of Theorem A. I
Proof of Theorem B. This is an immediate consequence of Theorem A
  .and the proposition and the fact that in finite groups nilpotency is a sub-
w x.normally persistent property 6 .
Remark. There is some kind of converse to Theorem B. In fact,
suppose G s AG is a nilpotent group of central type with center Z .0 0
 .  . < < < < GAssume x g Irr G satisfies x 1 s G : A s A : Z . Then x is0 0 0 0 0 0
 < <.irreducible of degree G : A , provided G is the inertia group in G of the0
linear constituent of x on Z . This holds true, in particular, if x is0 0 0
faithful and GrG acts faithfully on Z .0 0
4. SOME EXAMPLES
1. In the theorems the subgroup A need not be normal in G. In fact,
< < < G <A : A s A : A may be quite large compared with the order of A.G
Consider, for instance, an extraspecial p-group G of exponent p ) 2.0
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There is an automorphism a of G of order p y 1 acting faithfully on0
 .  :Z s Z G . Let G s G a be the semidirect product.0 0 0
 .  . : Note that Aut G s Sp G rZ a with a inducing an outer auto-0 0 0
.morphism of order 2 on the symplectic group . One may describe such an
 4automorphism a as follows. Let x , y be a minimal set of generators fori i
w x w x w x w xG with x , x s y , y s x , y s 1 for i / j and with x , y s z be-0 i j i j i j i i
ing a fixed generator of Z . Let r be of order p y 1 mod p. Then define a0
to be the r th power map on the join of z and the x , and to be identical oni
 .the y which is compatible with the relations .i
Now let A be the subgroup of G generated by z and all of the products0
x y . Then A, Aa, . . . , Aa
py 2
are maximal abelian subgroups of G inter-i i 0
secting pairwise in Z . In particular, G s AG.0 0
By the representation theory of the extraspecial groups, every linear
character of A which is not trivial on Z induces irreducibly to G and to0 0
G, because GrG acts faithfully on Z .0 0
2. It appears to be rather difficult to give estimates on the possible
nilpotency class of AG in the theorems. There should be an upper bound
< G <in terms of GrA ; however, in all of the examples we have constructed so
far, the nilpotency class is 2 at most.
 .That G need not be solvable and hence not of central type is seen just
by considering one of the three nonsolvable sharply 2-transitive permuta-
 2tion groups. The perfect permutation group of G of this kind has A , F11
 . .as a normal subgroup with GrA , SL 5 .2
 .3. Theorem A cannot be extended to arbitrary nilpotent subgroups.
pq1 p .To this end we construct, for any prime p, a group G of order p p y 1
with an irreducible monomial character of degree p p y 1, and nonnormal
 .Sylow p-subgroups of wreathed type Z wrZ .p p
pLet a be the Frobenius automorphism of the field A s F permutingp
.some F -basis cyclically . Let b be multiplication with some generator ofp
FUp on the field. Then ay1ba s b p within the semilinear group. Letp
 :  :G s A a , b be the semidirect product. Then P s A a is a Sylow
 :p-subgroup of G and N s A b a normal subgroup of G s NP with
 . N l P s A. Moreover, P is not sub normal in G. For p s 2, the group
.G is nothing but the symmetric group of degree 4.
Let l be a linear character of P such that l s l is not trivial. We0 A
G N  :claim that x s l is irreducible. But this is clear, since x s l and bN 0
permutes the elements of FUp regularly.p
 .Of course, in these examples we have A s O G / 1.p
Problem. Suppose the finite group G has a proper nilpotent subgroup
 . GH admitting a linear character l such that l is irreducible. Can G be a
simple group?
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